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Abstract
A nonconventional U(1)e−µ gauge model is proposed to explain the unexpected anomalous mag-
netic moments of the electron and muon (lepton g − 2), where only the right-handed electron
and muon in the standard model carry the U(1)e−µ charge. Although the light lepton masses are
suppressed when the gauge symmetry is spontaneously broken, they can be generated through the
Yukawa couplings to newly introduced particles, such as vector-like lepton doublets and singlets,
and scalar singlets. It is found that the same Yukawa couplings combined with the new scalar cou-
plings to the Higgs can induce the radiative lepton-flavor violation processes `′ → `γ and lepton
g − 2, where the lepton g − 2 is proportional to m`. When Majorana fermions and a scalar singlet
are further added into the model, the active neutrinos can obtain masses via the radiative seesaw
mechanism. When the bounds from the me and mµ and the neutrino data are satisfied, we find
that the electron g− 2 can reach an order of −10−12, and the muon g− 2 can be an order of 10−9.
In addition, when the µ→ eγ decay is suppressed, the resulting branching ratio for τ → eγ can be
of O(10−8), and that for τ → µγ can be as large as the current upper limit.
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I. INTRODUCTION
A potential hint for new physics has been found in the muon anomalous magnetic moment
(muon g − 2) since the E821 experiment at Brookhaven National Lab (BNL) [1] reported a
3.3σ deviation from the standard model (SM) prediction, which is shown as [2, 3]:
δaµ = a
exp
µ − aSMµ = (26.1± 7.9)× 10−10 . (1)
A 3.7σ deviation was also obtained by the lattice calculations as δaµ = (27.4±7.3)×10−10 [4]
and δaµ = (27.06±7.26)×10−10 [5]. Due to the discrepancy between the experimental mea-
surement and the theoretical prediction, various solutions have been proposed to resolve the
anomaly over the years [6–32]. Although the recent result on the hadron vacuum polarization
(HVP), which was calculated by Budapest- Marseille-Wuppertal (BMW) collaboration [33],
weakens the necessity of a new physics effect, it is shown in [34] that the BMW result
leads to new intensions with the HVP extracted from e+e− data and the global fits to the
electroweak precision observables.
The new muon g − 2 measurements performed in the E989 experiment at Fermilab and
the E34 experiment at J-PARC aim for a precision of 0.14 ppm [35] and 0.10 ppm [36], in
which the experimental accuracy can be improved by a factor of 4 and 5, respectively. If we
assume the future experimental and theoretical uncertainties can be respectively reduced by
a factor of 4 and
√
2, it is expected that with a 3σ measurement, δaµ ≈ (12± 4)× 10−10 can
be observed by the Fermilab muon g − 2 experiment [35].
Applying the most accurate measurement of the fine structure constant, which is mea-
sured using 133Cs, to the theoretical calculations [37, 38], it is found that the difference in
the electron g − 2 between the experiment and the SM result has a 2.4σ deviation and is
expressed as [39]:
δae = −(8.8± 3.6)× 10−13 . (2)
Differing from the muon g − 2, the electron g − 2 experimental value is lower than the SM
result. In order to simultaneously explain the anomalistic electron and muon g − 2, some
possible resolutions are provided in studies in the literature [40–58].
Inspired by the lepton g − 2 anomalies, we investigate an anomaly-free gauged U(1)e−µ
extension of the SM. For a light Z ′ gauge boson, the potential strict constraints are from
the ν − e scattering [59] and the neutrino trident production experiments [60, 61]. In
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order to escape from the neutrino-related experimental constraints, unlike the conventional
U(1)e−µ, where the associated Z ′-gauge boson simultaneously couples to the right-handed
lepton singlets and the left-handed lepton doublets in the SM [62], we propose that the
U(1)e−µ only couples to the right-handed leptons.
The immediate problem with the U(1)e−µ model is the massless electron and muon. To
resolve this problem, we add new representations into the model, such as vector-like lepton
doublets and singlets, and scalar singlets, where with the exception of one vector-like lepton
singlet, they all carry the U(1)e−µ charges. Thus, the lepton masses can be generated through
the mixings with the introduced heavy charged leptons at the tree level.
It is found that when the new scalar couplings are considered, the same effects, which lead
to the light lepton masses, can induce the radiative lepton-flavor violation (LFV) processes
at the one-loop level. Taking the initial and final leptons to be the same species, the electron
and muon g− 2 can then be generated. Because the effect on the τ g− 2 is small, we do not
further discuss the influence on the τ -lepton. We note that since the Z ′-gauge boson only
couples to the right-handed light leptons, the induced lepton g−2 values are negative [63, 64],
and the resulting ratio is δaZ
′
e /δa
Z′
µ ∼ m2e/m2µ. If we use the Z ′ effect as the single source
leading to the negative electron g−2, the resulting muon g−2 is also negative and contradicts
the indications in the current data. Therefore, in this study, the gZ′ gauge coupling and mZ′
have to be taken in such a way that the induced muon g − 2 is small enough. We will show
that the observed lepton g− 2 anomalies and the light lepton masses can be accommodated
in the model.
We further find that when two Majorana fermions and one scalar singlet, which carry
the U(1)e−µ charge, are introduced, the neutrino mass can be radiatively produced through
the one-loop Feynman diagrams. Since some of the involved parameters are related to
parameters that contribute to me,µ and δae,µ, it is found that when the bounds from the
current neutrino data are satisfied, besides the fact that me and mµ can fit the experimental
values, the results of δae ∼ O(−10−12) and δaµ ∼ O(10−9) can be obtained.
When the rare µ→ eγ decay is suppressed in the study, and all the relevant constraints
are satisfied, we find that in the model, the branching ratio (BR) for τ → eγ can be under the
current experimental upper bound. When we use constrained parameter values to estimate
the BR for τ → µγ, it is found that BR(τ → µγ) can be over the current upper limit; that is,
the τ → µγ decay can be used to further constrain the free parameter space. Nevertheless,
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the results of δae ∼ O(−10−12) and δaµ ∼ O(10−9) are not influenced.
The paper is organized as follows: We introduce the model and discuss the relevant
Yukawa couplings and the scalar potential in Sec. II. The vacuum stability conditions are
also analyzed in this section. We discuss the tree-level charged lepton mass matrix and the
loop-level neutrino mass matrix in Sec. III. In Sec. IV, we formulate the radiative LFV
processes and lepton g − 2, and the numerical analysis is shown in Sec. V. We provide a
summary in Sec. VI.
II. MODEL
In order to explain the neutrino data and the electron and muon g − 2, we consider
an anomaly-free gauged U(1)e−µ extension of the SM [62], where the associated Z ′-gauge
boson only couples to the right-handed electron and muon. We add new representations,
such as two vector-like lepton doublets (X`, ` = e, µ), one vector-like lepton singlets (X),
two right-handed neutrino singlets (N `), three scalar singlets S`, S. In addition, for the
U(1)e−µ gauge anomaly cancellation, we need to introduce two vector-like lepton singlets
(Σ`), where their masses arise from the new scalar singlet η. For these fields, we impose a
Z3 symmetry to suppress the interactions with the SM fermions. The representations and
charge assignments of particles are given in Table I. The other SM particles, which are not
shown in the table, do not have the U(1)e−µ charges.
TABLE I: Representations and charge assignments of particles in SU(2)L×U(1)Y ×U(1)e−µ×Z3
where ω3 = 1 with ω∗ = ω2.
eR/µR X
e/µ
L,R N
e/µ Se/µ S XL,R Σ
e
L(R) Σ
µ
L(R) η
SU(2)L 1 2 1 1 1 1 1 1 1
U(1)Y −1 −1/2 0 0 0 −1 −1 −1 0
U(1)e−µ 1/− 1 1/− 1 1/− 1 1/− 1 2 0 1(0) −1(0) 1
Z3 0 0 0 0 0 0 ω
2(ω) ω(ω2) ω
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The gauge invariant Yukawa couplings for the lepton sector can be partly written as:
−LY = L¯τyτHτR + X¯Ly``RS`† + L¯`′ y˜`′HXR + L¯`′y``′X`RS`†
+X`Ly
`
XH`R +X
`
Ly˜
`
XH˜N
` + heN
eTCN eS + hµN
µTCNµS†
+MX`X
`
LX
`
R +MXX¯LXR +mNµeN
eTCNµ +H.c. , (3)
where C = iγ0γ2, and L and H are respectively the SM lepton and Higgs doublets; ` = e, µ,
and `′ denotes all of the SM lepton-flavor indices. Since τR does not carry the U(1)e−µ charge,
after electroweak symmetry breaking (EWSB), the tau-lepton can obtain mass through
the Higgs mechanism and its mass is expressed as m0τ = yτv/
√
2, where v is the vacuum
expectation value (VEV) of H. Although the electron and muon masses are suppressed in
Eq. (3), we will show that their masses can be induced through the mixings with X` and
X. The Yukawa couplings related to Σ` are expressed as:
−LΣ` =yeΣΣ¯eLΣeRη + yµΣΣ¯µLΣµRη† + ΣeLΣµR(feSe + fµSµ†)
+ ΣµLΣ
e
R(geS
e† + gµSµ) +H.c. (4)
In the model, the VEVs of S` will be taken to be around 1 GeV; thus, the Σ` masses are
mainly dictated by the VEV of η and are formulated as mΣ` ≈ y`Σvη/
√
2. Since the role
of Σ` is used to cancel the U(1)e−µ gauge anomaly, their effects are irrelevant to the study.
Therefore, we will not further discuss the effects in Eq. (4) in the following analysis.
Since the electron and muon masses, the lepton g−2, and the neutrino masses are strongly
correlated to the VEVs of scalar fields and the scalar couplings in the scalar potential, we
have to discuss the vacuum stabilities of the scalar fields. We note that the singlet scalar η
is introduced to obtain the Σ` masses. Although it can couple to other scalar fields, because
these couplings do not significantly affect the phenomena, which we study; for simplicity,
we take these couplings to be small. As a result, the scalar potential related to η can be
approximated as:
V (η) ≈ −µ2ηη†η + λη(η†η)2 . (5)
The VEV of η can be determined as vη =
√
µ2η/λη.
Based on the gauge symmetry, the scalar potential related to the scalar fields, such as H,
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S`, and S, are written as:
V = −µ2HH†H + λH(H+H)2 + µ2SS†S + λS(S†S)2 +
∑
`=e,µ
(
µ2S`S
`†S` + λS`(S
`†S`)2
)
+ λHSH
†HS†S +
∑
`=e,µ
λHS`H
†HS`†S` + λµe(SeSe†)(SµSµ†)
+
[
µ2µeS
eSµ + µee(S
e)2S† + µµµ(Sµ)2S + µ˜µeSeSµ†S† + λ
µe
HH
†HSeSµ
+λeµS S
eSµS†S +
∑
`=e,µ
λeµ
S`
SeSµS`†S` + λ′µe(S
eSµ)2 +H.c.
]
(6)
Using the neutral scalar fields, which are expanded around their VEVs and defined as:
H0 =
v + φ√
2
, S =
vS + s√
2
, S` =
vS` + s
`
√
2
, (7)
the minimal conditions of the VEVs can be found as:
v2 =
µ2H
λH
− 1
2λH
(
λHSv
2
S + 2λ
µe
H vSevSµ +
∑
`
λHS`v
2
S`
)
,
v2S = −
1
λS
(
µ2S +
λHSv
2
2
+ λµeS v
e
Sv
µ
S
)
− 1√
2λSvS
(∑
`
µ``v
2
S` + µ˜µevSevSµ
)
,
λSev
3
Se = −
(
µ2Se +
λµe + 2λ
′
µe
2
v2Sµ +
λHSe
2
v2 +
√
2µeevS +
3λµeSe
2
vSevSµ
)
vSe
− 1
2
(
λµeS v
2
S + λ
µe
H v
2 + 2µ2µe +
√
2µ˜µevS + λ
µe
Sµv
2
Sµ
)
vSµ ,
λSµv
3
Sµ = −
(
µ2Sµ +
λµe + 2λ
′
µe
2
v2Se +
λHSµ
2
v2 +
√
2vSµµµ +
3λµeSµ
2
vSevSµ
)
vSµ
− 1
2
(
λµeS v
2
S + λ
µe
H v
2 + 2µ2µe +
√
2µ˜µevS + λ
µe
Sev
2
Se
)
vSe , (8)
where we have used ∂V/∂vi = 0 with vi = v, vS, and vS` . In addition, the symmetric scalar
mass-square matrix is obtained as:
m2S =

m2Se m
2
sesµ m
2
seφ m
2
ses
m2sesµ m
2
Sµ m
2
sµφ m
2
sµs
m2seφ m
2
sµφ m
2
φ m
2
φs
m2ses m
2
sµs m
2
φs m
2
S
 , (9)
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where the matrix elements are obtained as:
m2Se = 2λSev
2
Se +
3
2
λµeSevSevSµ
− 1
2
(
λµeS v
2
S + λ
µe
H v
2 + λµeSµv
2
Sµ + 2µ
2
µe +
√
2µ˜µevS
) vSµ
vSe
,
m2Sµ = 2λSµv
2
Sµ +
3
2
λµeSµvSevSµ
− 1
2
(
λµeS v
2
S + λ
µe
H v
2 + λµeSev
2
Se + 2µ
2
µe +
√
2µ˜µevS
) vSe
vSµ
,
m2φ = 2v
2λH , m
2
S = 2λSv
2
S −
1√
2vS
(∑
`
µ``v
2
S` + µ˜µevSevSµ
)
,
m2sesµ = (2λSev
2
Se −m2Se)
vSe
vSµ
+ (λµe + 2λ
′
µe)vSevSµ +
3
2
∑
`
λµe
S`
v2S` ,
m2s`φ = (λ
µe
H rv + λHS`)vvS` , m
2
φS = λHSvvS ,
m2se(µ)S =
√
2µee(µµ)vSe(µ) +
(
λµeS vS +
µ˜µe√
2
)
vSµ(e) . (10)
In m2
s`φ
, r`v = vSµ/vSe(vSe/vSµ) for ` = e(µ). The relations in Eq. (8) have been applied to
m2
S`
, m2φ, and m
2
S.
To explain the anomalous lepton g − 2, we numerically find that mS` < 100 GeV, vS` .
1 GeV, and (λµeH , λHS`) & 0 are preferred in the model. In addition, to fit the neutrino data,
we need µ2µe  v2 when the Yukawa couplings are taken to be of O(10−5− 10−4). Thus, the
positive v, vS,S` , and m
2
S`,φ,S
can be achieved when the parameters are taken to follow the
conditions:
λH,S,S` > 0, µ
2
H,S`,S > 0 , µ
2
S +
λHSv
2
2
< 0 , λHS < 0 ,
λµeS < 0 , 0 < 2µ
2
µe + λHS`v
2 < −(λµeS v2S + λµeH v2 +
√
2µ˜µevS) . (11)
In addition, in order to avoid the strict constraint from the precision Higgs measurements,
m2
s`φ
 m2φ is necessary; that is,
(λµeH r
`
v + λHS`)vS`  2vλH . (12)
Using these conditions, it can be found that with |λHS| < 1, the scalar φ can approximate
the SM Higgs h with a mass of mh = 125 GeV.
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After U(1)e−µ symmetry is spontaneously broken, the associated Z ′-gauge boson becomes
a massive particle and its mass can be obtained as:
mZ′ = gZ′
√
v2η + 4v
2
S + v
2
Se + v
2
Sµ , (13)
where gZ′ is U(1)e−µ gauge coupling constant.
III. CHARGED LEPTON AND NEUTRINO MASS MATRICES
From Eq. (3), it can be seen that with the exception of the τ -lepton, the electron and muon
do not directly obtain their masses with the Higgs mechanism. Nevertheless, their masses
can be induced through the mixings with X`L,R and XL,R, where the Feynman diagrams are
shown in Fig. 1.
⟨H⟩
ℓR
⟨Sℓ⟩
XℓL XℓR ℓ
′
L
⟨Sℓ⟩
ℓR
⟨H⟩
XL XR ℓ
′
L
FIG. 1: Feynman diagrams used to induce the electron and muon masses.
Using the Yukawa couplings and the VEVs of scalar fields, the 6× 6 charged lepton mass
matrix in the flavor basis of (e, µ, τ,Xe, Xµ, X)L,R is written as:
MCL =

0 0 0 meXe meXµ meX
0 0 0 mµXe mµXµ mµX
0 0 m0τ mτXe mτXµ mτX
mXee 0 0 MXe 0 0
0 mXµµ 0 0 MXµ 0
mXe mXµ 0 0 0 MX

, (14)
where the matrix elements are given as:
m`′X` =
y``′vS`√
2
, m`′X =
y˜`′v√
2
,
mX`` =
y`Xv√
2
, mX` =
y`vS`√
2
. (15)
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Since several phenomena are related to m`′X`(X) and mX`(X)`, we thus use them as the free
parameters instead of the corresponding Yukawa couplings and VEVs. In this study, we
assume that the relevant Yukawa couplings are real parameters. The mass matrix MCL can
be diagonalized by the unitary matrices UL,R as M
diag
CL = ULMCLU
†
R. The m` eigenvalues
can be obtained using MdiagCL M
diag†
CL = ULMCLM
†
CLU
†
L and M
diag†
CL M
diag
CL = URM
†
CLMCLU
†
R.
Although the right-handed neutrinos N ` are introduced, since the left-handed SM leptons
do not carry the U(1)e−µ charges, the neutrino mass cannot be generated at the tree-level in
the model. Nonetheless, the neutrino mass can be produced through the radiative effects,
for which the Feynman diagrams are shown in Fig. 2.
S/S†
S/S†
H˜ H˜
Li LjS
ℓ Sℓ
Xℓ Xℓ
N ℓN ℓ
H˜ H˜
Li LjS
µ Se
Xℓ Xℓ
N eNµ
FIG. 2: Feynman diagrams used to generate the neutrino masses.
Using the Yukawa and scalar couplings shown in Eq. (3) and Eq. (6), respectively, the
loop-induced neutrino mass matrix elements, denoted as νTj Cm
ν
jiνi, can be obtained as:
mνji =
vv2S√
2(4pi)2
∑
`=e,µ
µ``mN`(y˜
`
X)
2
m4
X`
mjX`miX`
(vS`)2
J0
(
m2
S`
m2
X`
,
m2
N`
m2
X`
)
− y˜
e
X y˜
µ
Xv
2µ2µemNµe
(4pi)2vSevSµ
(mjXemiXµ +mjXµmiXe)
m4
X`
J1
(
m2
S`
m2
X`
,
m2Nµ
m2
X`
,
m2Ne
m2
X`
)
, (16)
where the Latin letters j, i denote the active neutrino flavors, and the first (second) term
originates from the left (right) panel in Fig. 2. For simplicity, we take mSe = mSµ = mS`
and mXe = mXµ = mX` ; mN` = h`vS/
√
2 and m`′X`(m`′X) defined in Eq. (15) are used, and
the loop integrals are expressed as:
J0(a, b) =
∫ 1
0
dx
∫ x
0
dy
(1− x)(x− y)
(1 + (a− 1)x+ (b− a)y)2 ,
J1(a, b, c) =
∫ 1
0
dx
∫ x
0
dy
∫ y
0
dz
(1− x)(x− y)
(1 + (a− 1)x+ (b− a)y + (c− a)z)3 . (17)
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The neutrino mass matrix can be diagonalized by the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix as:
mνij = U
∗
MNSm
diag
ν U
†
MNS, (18)
where mdiagν = diag(m1,m2,m3), and the PMNS matrix can be parametrized as [2]:
UMNS =

c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

× diag(1, eiα21/2, eiα31/2) , (19)
with sij ≡ sin θij and cij ≡ cos θij. δ is the Dirac CP violating phase, and α21,31 are Majorana
CP violating phases.
IV. `′ → `γ, AND LEPTON g − 2
If we add the couplings H†HS`†S` and H†HSeSµ to Fig. 1, it can be seen that the
radiative LFV processes can be induced through the loop effects, for which the relevant
Feynman diagrams are sketched in Fig. 3. The current experimental upper limits on the BR
for the relevant LFV processes are given as [2]:
BR(µ→ eγ) < 4.2× 10−13 ,
BR(τ → eγ) < 3.3× 10−8 ,
BR(τ → µγ) < 4.4× 10−8 . (20)
Since the radiative LFV processes are dominant in the model, we skip the analysis for the
subleading µ→ 3e and τ → 3` decays.
Using the Yukawa and scalar couplings, the effective interactions for `′ → `γ can be
written as:
L`′→`γ = e
2
m`′ ¯`σµν
(
T `
′`
L PL + T
`′`
R PR
)
`′F µν , (21)
10
γℓ′L ℓR
H Sℓ
Sℓ H
γ
ℓ′L ℓR
H Sℓ
H Sℓ
XℓR XRX
ℓ
L XL
FIG. 3: Selected Feynman diagrams for the `′ → `γ decays.
where the Wilson coefficients in the model are obtained as:
T µeL =
λHSe + λ
µe
H r
e
v
2mµ(4pi)2
[
mµXemXee
m3
X`
J2
(
m2
S`
m2
X`
,
m2φ
m2
X`
)
+
mµXmXe
m3X
J2
(
m2
S`
m2X
,
m2φ
m2X
)]
,
T µeR =
λHSµ + λ
µe
H r
µ
v
2mµ(4pi)2
[
meXµmXµµ
m3
X`
J2
(
m2
S`
m2
X`
,
m2φ
m2
X`
)
+
meXmXµ
m3X
J2
(
m2
S`
m2X
,
m2φ
m2X
)]
,
T τ`L =
λHS` + λ
µe
H r
`
v
2mτ (4pi)2
[
mτX`mX``
m3
X`
J2
(
m2
S`
m2
X`
,
m2φ
m2
X`
)
+
mτXmX`
m3X
J2
(
m2
S`
m2X
,
m2φ
m2X
)]
, (22)
T τ`R = 0, and the loop integral J2 is defined by:
J2(a, b) =
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3
1− x2
(1 + (a− 1)x2 + (b− a)x3)2 . (23)
The definitions shown in Eq. (15) have been used. Due to m`  m`′ , we have neglected the
m` effects. As a result, the BR for the `
′ → `γ decay can be written as:
BR(`′ → `γ) = τ`′αm
5
`′
4
(
|T `′`L |2 + |T `
′`
R |2
)
. (24)
In order to satisfy the current upper limit of BRexp(µ → eγ) < 4.2 × 10−13, one can take
mµXe ≈ meXµ ≈ 0 or the conditions assumed as:
mµXemXee
m3
X`
J2
(
m2
S`
m2
X`
,
m2φ
m2
X`
)
≈ −mµXmXe
m3X
J2
(
m2
S`
m2X
,
m2φ
m2X
)
,
meXµmXµµ
m3
X`
J2
(
m2
S`
m2
X`
,
m2φ
m2
X`
)
≈ −meXmXµ
m3X
J2
(
m2
S`
m2X
,
m2φ
m2X
)
. (25)
In this study, we adopt the latter requirements shown in Eq. (25). Hence, in the numerical
analysis, we only focus on the τ → `γ decays.
It is known that the radiative quantum corrections to a lepton current can be expressed
as:
Γα = ¯`(p′)
[
γαF1(k
2) +
iσαβkβ
2m`
F2(k
2)
]
`(p) , (26)
11
where the lepton g − 2 can be defined by:
a` =
g` − 2
2
= F2(0) . (27)
Using this definition, the lepton g − 2 can be induced by Fig. 3 with `′ = `. Based on the
results shown in Eq. (22), the lepton g − 2 can be formulated as:
δa` = m`
λHS` + λ
µe
H r
`
v
(4pi)2
[
m`X`mX``
m3
X`
J2
(
m2
S`
m2
X`
,
m2φ
m2
X`
)
+
m`XmX`
m3X
J2
(
m2
S`
m2X
,
m2φ
m2X
)]
. (28)
It can be seen that the obtained δaµ is proportional to m` and linearly depends on λHS` +
λµeH r
`
v, which is related to m
2
s`φ
. Since λHS` and λ
µe
H are free parameters, to use fewer scanned
parameters, for simplicity, we take λµeH = 0 in our numerical analysis.
As mentioned in the introduction, the Z ′-gauge boson can contribute to the lepton g− 2,
and the result can be formulated as:
δaZ
′
` =
g2Z′r
2
`
16pi2
∫ 1
0
dx
x(1− x)(2x− 4)− 2r2`x3
(1− x)(1− r2`x) + r2`x
, (29)
with r` = m`/mZ′ . Due to the fact that 2x − 4 < 0 in the integral, the resulting δaZ′` is
always negative. Because δaZ
′
e /δa
Z′
µ ≈ m2e/m2µ ≈ 2.4×10−5, if δaZ′e ∼ −5×10−13 is taken, we
obtain δaZ
′
µ ∼ −2.1×10−8. However, the large negative δaZ′µ contradicts to the current data,
and the sign cannot be flipped via other effects in the model. To avoid this issue, we can
take proper values for gZ′ and mZ′ to suppress δa
Z′
µ . For instance, with gZ′ ∼ 5× 10−4 and
mZ′ ∼ 1 GeV, we have δaZ′µ ∼ −2.3×10−11; thus, the result will not affect the contributions
from Eq. (28).
V. NUMERICAL ANALYSIS
A. Constraints and setting the scanned parameter regions
Since me and mµ are induced through the diagonalization of the 6 × 6 MCL matrix,
basically, the parameters in MCL have to obtain me ∼ 5.1 × 10−4 GeV and mµ ∼ 0.105
GeV. However, the parameter scan is inefficient when we fit the mass hierarchy between
the electron and the muon. In order to obtain more allowed sampling points, we take
me = (8, 4)× 10−4 GeV and mµ = (0.107, 0.103) GeV as the constraints.
Although the neutrino mass order is not yet determined, since other analyses are not
sensitive to the mass order, we use the normal ordering (NO) scheme, i.e. m1 < m2  m3,
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in our study. Based on the neutrino oscillation data [2], the central values of θij, δ, and
∆m2ij = m
2
i −m2j using the global fit can then be obtained as [65]:
θ12 = 34.5
◦ , θ23 = 47.7◦ , θ13 = 8.45◦ , δ = 218◦ ,
∆m221 = 7.55× 10−5 eV2 , ∆m231 = 2.50× 10−3 eV2 , (30)
where m1 = 0 is used, and the Majorana phases are taken to be α21(31) = 0. Using the 3σ
uncertainties that are shown in [65] and the relation shown in Eq. (18), the |mνji| ranges in
units of eV can be estimated as:
|mνee| |mνeµ| |mνeτ |
|mνµe| |mνµµ| |mνµτ |
|mντe| |mντµ| |mνττ |

NO
'

0.11− 0.45 0.12− 0.82 0.12− 0.82
0.12− 0.82 2.4− 3.3 2.0− 2.2
0.12− 0.82 2.0− 2.2 2.2− 3.1
× 10−2 eV . (31)
We thus use the results in Eq. (31) as the inputs to constrain the free parameters.
In order to scan the free parameters and obtain the allowed parameter regions when the
considered constraints are satisfied, we choose the parameters in units of GeV from the
Yukawa sector as:
meXe(eX) = (3, 5) , meXµ,µXe = (−2, 2) , mµXµ = (2, 10) ,
mXee = (−10,−3) , mXµµ = (20, 50) , mXe = (3, 10) ,
mNµe = (−100, 100) , mτX = (−10, 10) , mX` = (600, 1000) ,
mX = (800, 1200) , mNµ = (10, 30) , mNe = (100, 300) , (32)
and mτXe,τXµ = 2 GeV, whereas mµX and mXµ are determined by Eq. (25). We note that in
order to obtain δae < 0 and δaµ > 0, we fix mXee < 0 and mXµµ > 0. The mass of a vector-
like lepton doublet in the range of 120− 790 GeV is excluded by the CMS experiment [66]
in the multilepton final states at
√
s = 13 TeV. Since the X` − τ mixings are small in our
model, the mX` constraint through the coupling X
`τZ can be looser. The current upper
limit on the vector-like lepton singlet is mX . 176 GeV, which was reported by ATLAS [67].
Hence, the chosen regions for mX`,X follow the current LHC results. The parameter regions
from the scalar potential are taken as: v = 246 GeV, vS = 100 GeV, vS` = 1 GeV, and:
µee = (−5, 5) GeV , µµµ = (−1, 1) GeV , µµe = (−10, 10) GeV . (33)
The involving dimensionless Yukawa and scalar couplings are set as: λHSe = 6, λHSµ = 8,
y˜eX = (−2, 2) × 10−5, and y˜µX = (−2, 2) × 10−4. In addition, in order to obtain the sizable
13
δae,µ, we require:
δae = (−12.4,−5.2)× 10−13 ,
δaµ > 5× 10−10 . (34)
B. Numerical analysis and discussion
From Eq. (31), it can be seen that the matrix elements of mνji are similar in terms of
order of magnitude; thus, we use 2 × 108 sampling points to scan the relevant parameters.
However, to obtain the hierarchical values for me and mµ from the matrix in Eq. (14), we
use 109 sampling points.
To show that me ∼ 5.1× 10−4 GeV and mµ ∼ 0.105 GeV can be achieved in the chosen
parameter regions, the correlation between the obtained me and mµ is shown in Fig. 4(a).
The correlation between δae(µ) and me can be found in Fig. 4(b), where δae(µ) is in units
of 10−13(10−10) and me is scaled by 10−4, indicated by blue(green) points. It can be seen
that when me ∼ 5.1 × 10−4 GeV is obtained, and the same parameter values can lead to
δae ∼ O(−10−12) and δaµ ∼ O(10−9). For clarity, we also show the correlation between the
obtained δae and δaµ in Fig. 5.
(�)
����� ����� ����� ����� �����
�
�
�
�
�
�μ [���]
� ��
�� [�
��]
(�)
� � � � �-��
-��
-�
�
�
��
��
����� [���]
δ� ����
� /δ� μ�
���
FIG. 4: (a) Correlation between the obtained me and mµ, and (b) correlation between δae(µ) and
me, where me is scaled by 10
−4, and δae(µ) is in units of 10−13(10−10), indicated by blue(green)
points.
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FIG. 5: Correlation between the obtained δae and δaµ.
It is known that MCL in Eq. (14), δa` in Eq. (28), and m
ν
ji in Eq. (16) have common
free parameters, such as m`X` and mτX` . To more efficiently obtain the allowed parameter
regions, we separately scan the parameters to fit the chosen ranges of m` and δa` and the
mνji shown in Eq. (31). We demonstrate the scanning results for meXe versus mµXµ in Fig. 6,
where the filled circles arise from the constraints shown in Eq. (31), and the squares are
derived from the m` and δa` constraints. According to the results, the same parameters
from the different phenomena can have the common values.
In the numerical analysis, we used the relations in Eq. (25), where the rare radiative
µ → eγ decay can be basically as small as the current upper limit. We thus focus on the
situations in the τ → `γ decays. Using the allowed parameter regions, which are limited
by the selected m` and δa` regions, the BRs in units of 10
−8 for the τ → `γ decays with
respect to δae are shown in Fig. 7(a), where the filled circles and triangles denote the τ → eγ
and τ → µγ results, respectively. The correlations of BR(τ → `γ) with δaµ are given in
Fig. 7(b). From the results, it can be clearly seen that when the upper limits of BR(τ → `γ)
are satisfied, δae of O(−10−12) and δaµ of O(10−9) can be achieved. In addition, it is found
that with the constrained parameter regions, the resulting BR(τ → µγ) can be over the
current upper limit; that is, the τ → µγ decay can further exclude the free parameter space.
Nevertheless, when we exclude the sampling points, which are constrained by the τ → µγ
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FIG. 6: Resulting correlations for the scanned parameters from different phenomena when they
satisfy the chosen ranges, where the filled circles arise from the neutrino data, and the squares are
derived from the selected m` and δa` ranges.
decay, the δa` results are not changed.
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FIG. 7: Correlations of BR(τ → `γ) (in units of 10−8) with δae (left panel) and δaµ (right panel).
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VI. SUMMARY
A gauged U(1)e−µ extension of the SM is used to explain the electron and muon g − 2,
where two vector-like lepton doublets, three vector-like lepton singlets, and three scalar
singlets are included. Intriguingly, when two Majorana fermions and one scalar singlet are
further included, it is found that the neutrino masses can be generated through the radiative
seesaw mechanism.
Although the electron and muon do not obtain their masses via the Higgs mechanism,
their masses can be induced through mixing with the introduced heavy charged leptons. We
found that the mass hierarchy between the electron and the muon can be accommodated in
the model. When the bounds of the electron and muon masses and the neutrino data are
satisfied, we found that the electron g− 2 can reach an order of −10−12, and the muon g− 2
can be of an O(10−9).
The radiative lepton-flavor violation processes can arise from similar Feynman diagrams,
which are used for producing the lepton g−2. When the µ→ eγ decay is suppressed, and the
constrained parameter values are applied, the result of BR(τ → eγ) . 10−8 can be obtained.
With the same constrained parameter set, we found that the resulting BR(τ → µγ) can be
larger than its current upper limit; that is, the τ → µγ decay indeed can be used to further
constrain the parameter space. Nevertheless, the parameter regions excluded by the τ → µγ
decay do not change the regions allowed for δae and δaµ.
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